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In general-relativistic cosmological models, the expansion history, matter content, and geometry 
are closely intertwined. In this brief paper, we clarify the distinction between the effects of geometry 
and expansion history on the luminosity distance. We show that the cubic correction to the Hubble 
law, measured recently with high-redshift supernovae, is the first cosmological measurement, apart 
from the cosmic microwave background, that probes directly the effects of spatial curvature. We 
illustrate the distinction between geometry and expansion with a toy model for which the supernova 
results already indicate a curvature radius larger than the Hubble distance. 

PACS numbers: 



Perhaps the most surprising implication of the general- 
relativistic cosmological models which first emerged 
roughly eighty years ago [ij was the possibility that 
the spatial geometry of an isotropic homogeneous Uni- 
verse could be nontrivial. Alternatives to the intu- 
itively obvious Euclidean geometry (a "flat" Universe) in- 
clude a three-sphere (the "closed" Universe) and a three- 
hyperboloid (the "open" Universe). 

Over the past five years, a suite of cosmic microwave 
background (CMB) experiments have provided unique 
tests of the spatial geometry and provided very com- 
pelling evidence that the Universe is flat 0, |^ . More 
precisely, the evidence is that the Universe is consistent 
with flat, by which we mean that if the Universe is open 
or closed, the radius of curvature is larger than roughly 
three times the Hubble distance. 

As robust as the CMB results may be, the cosmolog- 
ical geometry is of such fundamental signiflcance that it 
is well worth exploring alternative avenues. Inspired by 
the recent announcement of the measurement with high- 
redshift supernovae ^ indicating a transition from cos- 
mic deceleration to acceleration, we here point out that 
the cubic correction to Hubble's linear relation between 
the luminosity distance and the cosmological redshift de- 
pends on the spatial geometry Q . Although well ap- 
preciated by experts, the distinction between the effects 
of expansion and geometry is often imprecise in the liter- 
ature. This probably stems from the fact that the mat- 
ter content, expansion, and geometry are linked in gen- 
eral relativity. In particular, previous measurements that 
found an accelerating expansion have not yet directly 
probed the spatial curvature. We argue here that the 
measurement of the cubic correction to the luminosity- 
distance-redshift relation is the very first non-CMB cos- 
mological test that probes the spatial geometry. 

Below we first clarify the dependence of the luminosity 
distance on the geometry and on the expansion history. 
We then discuss a straw-man model (that respects gen- 
eral relativity but postulates an exotic form of matter) 
that illustrates the effects of geometry and expansion his- 



tory on the cubic term. Next we show how the the quartic 
correction to the Hubble law might then distinguish be- 
tween geometry and expansion history in this toy model. 
We then argue that no other classical (non-CMB) cos- 
mological tests have yet probed the geometry. 

The luminosity distance of an object at redshift z is 
~ (L/AnFy^^, where L is the luminosity for a given 
object (presumed known for the high-redshift supernovae 
being detected), and F is the energy fiux received from 
that object. The expression for the luminosity distance 
in a dynamic, homogeneous, isotropic spacetime is 
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Here, Hq is the Hubble constant, cHr. 



4300 Mpc is 



the Hubble distance, and R is the (comoving) radius of 
curvature of the open or closed Universe; for the closed 
Universe, it is precisely the radius of the three-sphere, 
and the argument of the sine is the angle around the 
three-sphere subtended by an object at redshift z. Note 
that as R ~> oo, the open/closed expressions reduce to 
that for the flat Universe, as they should. The explicit 
appearance of R in these equations, as well as the sin and 
the sinh in the closed- and open-Universe expressions, are 
a direct consequence of the non-Euclidean spatial geom- 
etry 

The function E{z) quantifles the expansion rate as a 
function of redshift; it is deflned from 



(2) 



where H{z) is the expansion rate at redshift z, a{t) — 
{l-\-z)~^ is the scale factor at time t, and the dot denotes 
derivative with respect to time. Eqs. follow from the 
properties of the spacetime, independent of the laws of 
gravitation. 
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According to general relativity, the expansion rate is 
determined by the matter content and the curvature. If 
the Universe consists of nonrelativistic matter (whose en- 
ergy density scales as a~'^) plus a cosmological constant 
(whose energy density remains constant), then 

E{z) - [r!,„(i + z)3 + nA + nK{i + z)^] , (3) 

where 

and p„i is the nonrclativistic-matter density today, G is 



the gravitational constant, and A is the cosmological con- 
stant. For reference, current best-fit values from a variety 
of measurements are 51^ ~ 0.3 and JIa — 0.7. 

Eq. © imphes Vim + + — 1- Thus, measure- 
ment of f2„i and f2A (i-G., determining the matter content 
of the Universe) fixes Jl^, even without observing any 
geometrical effects. This is the explicit statement that 
in general relativity the matter content of the Universe 
determines the geometry. 

Let us now return to Eq. This can be Taylor 

expanded (see, e.g., Ref. jfl]), 



ci.(.) = ^|l+2(l-'/o).-g 
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where ± is -I- for a closed Universe and — for an open 
Universe. In this expression, go = ~{o-/o.)Hq'^ (eval- 
uated today) is the well-known deceleration parameter, 
and jo = {'a /a)H^^ (also evaluated today) is the "jerk", 
a scaled third time derivative of the scale factor a{t) of 
the Universe. The linear term (Hq) in this relation is 
the Hubble law, and the quadratic correction (go) is the 
deceleration. These do not depend on R; they thus both 
depend only on the expansion history, but not on the 
spatial curvature. 

The cubic term in Eq. ^ is the first term in the Taylor 
expansion that depends explicitly on the curvature R. In 
other words, it is the first term in which the dependence 
of the brightness of an object depends on the convergence 
or divergence of nearly parallel light rays that occurs in 
a non-Euclidean spatial geometry. This is the first key 
point of our paper. 

In a Universe that consists of nonrelativistic matter 
and a cosmological constant, the densities ftm and 
determine the deceleration parameter and they deter- 
mine the geometry; it has thus become quite common 
for cosmologists to associate the cosmological expansion 
with the cosmological geometry. The second key point of 
our paper is to remark that there is indeed a distinction. 
For example, if the expansion dynamics were determined 
by some theory other than general relativity — as some 
have begun to speculate in view of the apparent cosmic 
acceleration — then the geometry would not necessarily 
be fixed by the expansion history. Even within the con- 
text of general relativity, they need not be linked, as the 
following toy model illustrates. 

Consider a family of models that contain, in addition to 
nonrelativistic matter and a cosmological constant, some 
form of exotic matter with an energy density that scales 
as with the scale factor a{t); this could be accom- 
plished, for example in the single-texture model [sj or 



with a network of non-intersecting strings 9] although 
the specific mechanism is irrelevant here. Suppose also 
that the Universe is closed. Then the Friedmann equa- 
tion becomes 

[E{z)f = n,n{i+zf+nA-nK{i+zf+nt{i+zf, (6) 

where fit — SnGpt /3-ffg is the texture energy density to- 
day. Suppose further that the texture density is chosen 
so that fit = fix, or equivalently, pt = 3c^/87rG(ao-R)^. 
In this case, the texture and curvature terms in the 
Friedmann equation cancel out. We thus arrive at a 
family of models that have the same f2„i and JIa, with 
rim + ^^A = 1, and identical expansion histories, but are 
parameterized by a non-zero curvature R that we can 
freely dial without affecting E{z). 

If the Universe consists of nonrelativistic matter and 
a cosmological constant, then general relativity gives 
go = ^(f^m — 2ilA) and jo — + f^A- Suppose then 
(consider hypothetically a CMB-data-free world), that 
the matter density is determined by dynamical measure- 
ments. Then go would give us Qa, from which we could 
predict jo. Since the cubic term depends on the combina- 
tion jo-l-c^/(-ffo-Ro)^ [cf. Eq. lO] , measurement of the cu- 
bic correction to the Hubble law then provides a measure- 
ment of the geometry. This is illustrated in Fig. ^ where 
current supernova constraints to the [go, jo+c^/ {HoRq)'^] 
parameter space are shown. Within the class of our toy 
models with 0.2 < f2,„ < 0.4 and -I- ilA = 1 and R 
variable, it is clear that R is restricted to be bigger than 
roughly the Hubble radius. 

Suppose, however, that rather than a cosmolo gica l con- 
stant, the dark energy has some time variation [lOj with 
an energy-density decay parameterized by an equation- 
of-state parameter w. If so, then the jerk jo depends on 
w as well as flm and fl\ |^ , and it thus cannot be 
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FIG. 1: Current constraints to the [go, jo + {HoR)~^] plane. The dark shaded region is the 95% confidence-level constraint from 
recent high-redshift supernova measurements The light-shaded region shows the domain of validity of the cubic redshift 
expansion; more precisely, outside these regions, there would be a unit magnitude error at z = 1.5 introduced by the quartic 
term. The solid curve indicates a family of flat cosmological-constant models with decreasing matter density from right to left, 
terminating at go = —1 when Qm = 0. The short-dash curve shows the same for flat models with quintessence with w — —1.2 
(i.e., a phantom-energy model [Til. 1121 '). and the long-dash curve shows the same for w = —0.8. The vertical band shows the 
range of values for the spatially-curved model with Qm. + Oa = 1 discussed in the text and matter density spanning the range 
0.2 0.4. 



predicted from measurements of the deceleration param- 
eter; i.e., the jerk and geometry cannot be distinguished 
by the cubic correction to the luminosity distance in this 
broader class of models. This is illustrated by the solid, 
long-dashed, and short-dashed lines in Fig. that in- 



dicate families of flat models with w = —1 (cosmologi- 
cal constant), w = —0.8 (quintessence), and w = —1.2 
(phantom energy [iTlfl^ ). In this case, however, it may 
be possible to go the quartic correction to the luminosity 
distance 
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where sq = {"a /a)!!^'^ is the "snap" to isolate the cur- 
vature. More generally, as the parameter space of cosmo- 
logical models is expanded, more terms in the expansion 
must be determined to isolate the effects of the geome- 



try. High redshift is not necessarily required, if precision 
measurements at lower redshifts can be made. 

Before closing, we note that the recent supernova 
measurement of the cubic correction to the luminosity 
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distance is the first non-CMB empirical probe of the spa- 
tial geometry of the Universe. All classical cosmological 
measurements depend on some combination of the expan- 
sion history parameterized by E{z) and the spatial cur- 
vature R 13j]. So, for example, the linear growth of per- 
turbations depends only on the expansion history. The 
nuniber-count-redshift relation, Alcock-Paczynski test, 
and angular-diameter-redshift relation (determined, e.g., 
with radio sources) depend on both the expansion and 



geometry, but none have been determined precisely at 
sufficiently high redshift to tease out a cubic term. We 
thus conclude that the new supernova measurements are 
the first non-CMB measurements to probe directly the 
effects of nontrivial spatial geometry. 
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